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Abstract: In the context of multiparameter quantum estimation theory, we investigate the construction
of linear schemes in order to infer two classical parameters that are encoded in the quadratures of
two quantum coherent states. The optimality of the scheme built on two phase-conjugate coherent
states is proven with the saturation of the quantum Cramér–Rao bound under some global energy
constraint. In a more general setting, we consider and analyze a variety of n-mode schemes that
can be used to encode n classical parameters into n quantum coherent states and then estimate all
parameters optimally and simultaneously.
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1. Introduction

Quantum estimation theory as introduced by Helstrom [1] in the 1960s sets fundamental bounds
on the extraction of classical parameters encoded in quantum systems. Since then, a large body of work
has been devoted to the estimation of parameters, especially phases encoded in quantum optical states
(see, e.g., Refs. [2–6] for recent works on multiparameter phase estimation and [7–12] for the problem
of estimation of parameters induced by non-commuting generators). We recommend to the interested
reader the review by Demkowicz-Dobrzański et al. [13]. In most of these studies, it is usually assumed
that we have no control on the value of the parameters being estimated. In this paper, we consider a
communication protocol between Alice and Bob where Alice can choose the values of the parameters
she wants to send and how she encodes these parameters in a collection of coherent states she has at
her disposal. More precisely, we consider the problem of encoding and estimating classical parameters
in canonically conjugate quantum variables, such as the quadrature components of coherent states of
light. We derive the quantum Cramèr–Rao bounds (QCRB) for an arbitrary linear encoding of two
classical parameters into the quadratures of two coherent states. Furthermore, we present an encoding
and estimation protocol that achieves the QCRB for the simultaneous estimation of the two parameters.
Finally, we generalize our protocol to encode a set of n classical parameters into the tensor product of
n coherent states so that one can always simultaneously estimate all parameters optimally, using a
measurement technique involving linear optics components followed by homodyne measurements.
A corollary of this work is the proof of optimality of the scheme based on phase-conjugate coherent
states proposed by Cerf and Iblisdir [14] in 2001, which was left as an open problem in [15].

This article is organized as follows. In Section 2, we introduce the parameter communication
problem that we address and explicitly write the encoding of two classical parameters in the
quadratures of two coherent states. In Section 3, we review the quantum Cramér–Rao bound,
which provides a lower bound on the variance of any (unbiased) estimator of the classical parameters
encoded into the quantum states. This bound, which is valid for any measurement, relies on the
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quantum Fisher information. We thus calculate the quantum Fisher information with respect to
the parameters encoded into the coherent states in the considered schemes, and write conditions
on the attainability of the corresponding quantum Cramér–Rao bound. In Section 4, we show that
the variances obtained in the Cerf–Iblisdir scheme based on phase-conjugate coherent states [14]
saturate the quantum Cramér–Rao bound, hence proving the optimality of the scheme. More generally,
we characterize a family of encoding schemes of two variables into a pair of coherent states which all
saturate the quantum Cramér–Rao bound. Within this family, the Cerf–Iblisdir scheme provides
the highest precision enhancement achieved by a joint measurement in comparison with local
measurements. In Section 5, we further generalize the scheme to n variables encoded into n states,
while we conclude in Section 6.

2. Two-Mode Coherent-State Parameter Communication Scheme with Linear Encoding

Usually, a parameter estimation problem can be divided into three stages: the first stage consists in
preparing a probe state, which, in the second stage, acquires some unknown parameters (often phases)
by interacting with the probed media. The probe state is then measured in the third stage and the
parameters are inferred from the measurement outcomes. The goal is of course to estimate the unknown
parameters as precisely as possible, that is, to minimize the variance of each parameter estimator.

In this paper, we adopt a variant of this procedure, more suitable for parameter communication
purposes. We consider the first two stages of the above scheme to be performed by the sender, Alice,
who prepares the states and encodes some parameters into them. The third stage is then performed by the
receiver, Bob, who is allowed to use linear optics and homodyne measurements. Moreover, we authorize
Alice and Bob to exchange prior messages on the measurement settings with the restriction that no
relevant information about the unknown parameters can be inferred from these messages.

Specifically, we consider the following parameter communication scheme. To send Bob a complex
number z = (a + ib)/

√
2 through an optical channel, Alice generates two coherent states |α1〉 ⊗ |α2〉 at

her choice, encoding the real numbers a and b. Coherent states can be regarded as resulting from the
action of the displacement operator on the vacuum state |0〉, namely

|α〉 = exp(ipx̂− ixp̂)|0〉, (1)

where x and p are the displacement parameters and x̂ and p̂ are the quadrature operators. In this way,
the state |α1〉 ⊗ |α2〉 is characterized by the quadrature vector r = (x1, p1, x2, p2). The commutation
relations between the quadrature operators are

[
x̂i, p̂j

]
= iδij in natural units (h̄ = 1) for i, j = 1, 2.

A natural condition, which we impose on these coherent states, is some total energy constraint on the
input state:

x2
1 + p2

1 + x2
2 + p2

2 = 2(a2 + b2). (2)

This constraint means that average energy per mode is equal to some “signal energy” a2 + b2.
Bob, on his side, has only passive linear optics (beam splitters and phase shifters) and homodyne
detectors in order to build a measurement apparatus for estimating parameters a and b. The goal for
Bob is to estimate optimally both a and b knowing that they are encoded linearly in the quadratures of
the coherent states |α1〉 ⊗ |α2〉.

The most general linear encoding of the real parameters a and b in the quadratures of a two-mode
coherent state system is

x1 =εx1a + ηx1b,

p1 =εp1a + ηp1b,

x2 =εx2a + ηx2b,

p2 =εp2a + ηp2b.

(3)
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Thus, Alice has to choose eight real constants (εk,l , ηk,l), where k = x, p and l = 1, 2, in a way that
allows Bob to optimally retrieve the encoded parameters a and b. In the next section, optimality is
defined as the attainability of the quantum Cramér–Rao bound on the variance of both estimators of
classical parameters a and b. As we will show, attaining this bound imposes several constraints on the
eight constants.

3. Parameter Estimation

3.1. Quantum Cramér–Rao Bound

In quantum metrology, the parameters encoded in some quantum carrier are usually taken to be
phases Θ = (θ1, θ2, ..., θn). The optimization goal is to lower the variance of the estimators as much
as possible. However, the lowest possible variance on each (unbiased) estimator θ̃i is limited by the
so-called Quantum Cramér–Rao Bound (QCRB) [16,17], namely

∆2θ̃i ≥
(F−1(Θ))ii

N
, (4)

where F(Θ) is the so-called quantum Fisher information matrix (QFIM) and N is the number of
repetitions of the scheme. If a measurement scheme saturates the QCRB, it is called optimal since no
other scheme can do better.

For a state ρ, the QFIM is defined through the symmetric logarithmic derivative (SLD) Lθi for
i = 1, 2, ..., n, which is the selfadjoint operator satisfying the following Lyapunov equation [1]:

∂ρ

∂θi
=

Lθi ρ + ρLθi

2
. (5)

The matrix elements of the QFIM are then defined in terms of the SLDs as Fij(Θ) =

<
[
Tr
(

ρLθi Lθj

)]
, where symbol < denotes the real part of the expression since the QFIM is real.

In the case of a pure state |ψ〉, simple expressions can be found for both the SLDs and the QFIM
in [18]. The SLD for a pure state is written as

Lθi = |ψ〉〈∂iψ|+ |∂iψ〉〈ψ|, (6)

and the matrix elements of the QFIM are given by

Fij(Θ) = 4 <
[
〈∂iψ|∂jψ〉 − 〈∂iψ|ψ〉〈ψ|∂jψ〉

]
, (7)

where ∂i denotes partial derivative with respect to the ith parameter θi in both Equations (6) and (7).
We remark that the QFIM depends on the states but is not depending on the measurement being
performed since it gives a bound on the best measurement. In the next subsection, we derive the
optimal lower bound on the QCRB for our parameters a and b.

3.2. Optimal Lower Bound

Here, the parameters a, b are encoded into the x and p quadratures of the input product coherent
state |ψ〉 = |α1〉 ⊗ |α2〉, which justifies the use of homodyne detection in the optimal measurement
scheme in Section 4. To find the quantum Cramér–Rao bound on the variances ∆2 ã and ∆2b̃ of the
estimators of a and b, we use the additivity of the QFIM. It implies that the QFIM for the product state
|ψ〉 = |α1〉 ⊗ |α2〉 is the sum of the QFIM of the individual states |α1〉 and |α2〉, namely

F(α1α2) = F(α1) + F(α2). (8)
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Thus, we simply need to express the individual QFIM for each of the two coherent states. First,
we calculate the derivatives with respect to a and b of the individual coherent states

∂a|αj〉 = i
(

εpj x̂j − εxj p̂j + 2εxjεpj +
3εxjηpj + εpjηxj

2
b
)
|αj〉,

∂b|αj〉 = i
(

ηpj x̂j − ηxj p̂j + 2ηxjηpj +
3ηxjεpj + ηpjεxj

2
b
)
|αj〉,

(9)

where j = 1, 2 indicates the mode number. By using Equation (9) and the definition in Equation (7)
with θi = a, b, we obtain the QFIM for each mode

F(αj) = 2

(
ε2

xj + ε2
pj εpjηpj + εxjηxj

εpjηpj + εxjηxj η2
xj + η2

pj

)
. (10)

It is worth noting that the single-mode QFIM in Equation (10) is not in general an invertible
matrix, which originates from the non-commutativity of the quadrature operators x̂ and p̂ and is
a manifestation of the Heisenberg uncertainty principle. It means that it is in general not possible
to extract the two parameters optimally from a single mode, that is, one cannot reach the variance(

F(αj)ii
)−1 /N simultaneously for both parameter estimators.

As a consequence of this non-invertibility, one cannot use the QFIM in Equation (10) to calculate
the QCRB on the estimator of a and b. However, the QFIM becomes invertible when applied to two
coherent states |α1〉 ⊗ |α2〉, namely

F(α1α2) = 2

(
A C
C B

)
. (11)

where

A = ε2
x1 + ε2

p1 + ε2
x2 + ε2

p2,

B = η2
x1 + η2

p1 + η2
x2 + η2

p2,

C = εp1ηp1 + εx1ηx1 + εp2ηp2 + εx2ηx2.

(12)

Its eigenvalues are given by

λ± =
A + B±

√
(A + B)2 + 4(C2 − AB)

2
. (13)

We want to estimate both classical parameters a and b with the same precision since they are
equally important in order to estimate the complex number z = (a + ib)/

√
2. This equal precision

condition means that both eigenvalues should be equal λ+ = λ−, which implies the condition

(A− B)2 = −4C2. (14)

According to Equation (7), A, B and C should be real numbers, hence the only solution of
Equation (14) is expressed by two conditions

A = B, C = 0. (15)

Furthermore, we can rewrite the energy constraint in terms of the QFIM parameters as

(A− 2)(a2 + b2) = 0. (16)
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This equation should be satisfied for all real a and b, since they can be chosen arbitrarily by Alice,
so that we only have the condition A = 2. Hence, by using the energy constraint in Equation (16)
together with the equal precision condition in Equation (15), we obtain a simple expression for the
QFIM associated with estimating the parameters a and b from the state |α1〉 ⊗ |α2〉, namely

F(α1α2) =

(
4 0
0 4

)
. (17)

This imposes three conditions on the eight encoding constants (εk,l , ηk,l).
From the QFIM in Equation (17), one can deduce the QCRB on the variance of the estimators ã

and b̃ of the classical parameters a and b for a pair of input coherent states

∆2 ã ≥ 1/4, ∆2b̃ ≥ 1/4. (18)

Before we find an encoding and estimation strategy such that Bob can optimally estimate both a
and b (see Section 4), let us discuss the attainability of the QCRB.

3.3. Attainability of the Quantum Cramér–Rao Bound

A necessary and sufficient condition for the attainability of the QCRB was introduced by
Matsumoto [19] for pure states ρ = |ψ〉〈ψ|. This condition, which was referred to as the commutation
condition in [20], is expressed as

Tr(ρ[Lθi , Lθj ]) = 0, (19)

where ρ is a pure state. It translates into a condition on our encoding constants (εi,j, ηi,j), as we
show below.

The SLDs for a two-mode coherent state ρ12 = |α1〉〈α1| ⊗ |α2〉〈α2| in which the classical parameters
a and b are encoded with the linear encoding strategy in Equation (3) are given by

La = i[εp1 (x̂1ρ12 − ρ12 x̂1) + εp2 (x̂2ρ12 − ρ12 x̂2)

−εx1 ( p̂1ρ12 − ρ12 p̂1) − εx2 ( p̂2ρ12 − ρ12 p̂2)],
Lb = i[ηp1 (x̂1ρ12 − ρ12 x̂1) + ηp2 (x̂2ρ12 − ρ12 x̂2)

−ηx1 ( p̂1ρ12 − ρ12 p̂1) − ηx2 ( p̂2ρ12 − ρ12 p̂2)],

(20)

where we have plugged Equation (9) into the formulas of the SLDs for pure states in Equation (6)
where θi = a, b. Inserting Equation (20) into Equation (19), we observe that the only surviving terms
are those involving the commutator [x̂i, p̂i], which leads to

Tr(ρ12[La, Lb]) = i〈α1|(εp1ηx1 − εx1ηp1)[x̂1, p̂1]|α1〉+ i〈α2|(εp2ηx2 − εx2ηp2)[x̂2, p̂2]|α2〉
= − εp1ηx1 + εx1ηp1 − εp2ηx2 + εx2ηp2.

(21)

As a result, we obtain the attainability condition on the encoding constants

εp1ηx1 − εx1ηp1 + εp2ηx2 − εx2ηp2 = 0. (22)

Together with the energy constraint in Equation (2) and equal precision conditions in Equation (15),
the attainability condition in Equation (22) gives rise to a system of four equations that an optimal
encoding strategy must satisfy, namely

ε2
x1 + ε2

p1 + ε2
x2 + ε2

p2 = 2,
η2

x1 + η2
p1 + η2

x2 + η2
p2 = 2,

εp1ηp1 + εx1ηx1 + εp2ηp2 + εx2ηx2 = 0,
εp1ηx1 − εx1ηp1 + εp2ηx2 − εx2ηp2 = 0.

(23)
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As we only have four constraints for eight real constants (εi,j, ηi,j), there is no unique solution
to this system. The most general encoding corresponds to the one that can be optimally decoded by
using the most general two-mode passive Gaussian state composed of three local phases and one beam
splitter. Therefore, the most general two-mode encoding can be written in the following way:

εx1 =
√

2T cos(θ), ηx1 =
√

2(1− T) (sin(θ) sin(ψ)− cos(θ) cos(ψ)) ,
εp1 =

√
2T sin(θ), ηp1 = −

√
2(1− T) (sin(θ) cos(ψ) + cos(θ) sin(ψ)) ,

εx2 =
√

2(1− T) cos(φ), ηx2 =
√

2T (cos(φ) cos(ψ)− sin(φ) sin(ψ)) ,
εp2 =

√
2(1− T) sin(φ), ηp2 =

√
2T (cos(φ) sin(ψ) + cos(φ) sin(ψ)) .

(24)

On the decoding side (see Figure 1), Bob should first apply two local phase rotations of angles
θ and φ, followed by a beam splitter of transmittance T, then a local rotation on the second mode of
angle ψ and finally measure the x-quadrature on both modes. This general solution satisfies all four
constraints given by Equation (23). In the next Section, we discuss two families of encoding strategies,
one naive guess that is shown to be not optimal, and a one-parameter family of optimal encodings,
for which we describe the estimation strategy saturating the QCRB. This last family encompasses the
Cerf–Iblisdir scheme [14].

Figure 1. Optimal joint estimation scheme for two modes using a beam splitter of transmittance T and
two homodyne detectors. The phases are all set to zero in Equation (28).

4. Two-Mode Encoding and Estimation Schemes

4.1. Identical Encoding

First, consider a “naive” protocol, were Alice encodes her classical real parameters a and b into
two identical coherent states (α1 = α2). This imposes the following constraints on the parameters of
linear encoding:

εx1 = εx2, εp1 = εp2,
ηx1 = ηx2, ηp1 = ηp2,

(25)

where at least εx1 or εp1 and ηx1 or ηp2 are not equal to zero. Let us show that this protocol cannot
be optimal since it does not satisfy the two last conditions in Equation (23). In fact, by plugging
Equation (25) into Equations (23), we have

εp1ηp1 + εx1ηx1 = 0,
εp1ηx1 − εx1ηp1 = 0.

(26)

Note that the left-hand side of the second equation of Equation (26), which also corresponds to the
attainability condition for a single-mode coherent state, is equal to the square root of the determinant
of the single-mode QFIM (10); hence, the inversibility of the single-mode QFIM in Equation (10) and
the attainability condition for a single-mode coherent state are incompatible conditions. Without loss
of generality, we consider εx1 and ηp1 to be non-zero, so that we have

εp1 = − εx1ηx1
ηp1

, −η2
x1 = η2

p1, (27)



Appl. Sci. 2019, 9, 4264 7 of 15

where the second equation shows a contradiction since ηp1 is non-zero and all encoding constants
(εi,j, ηi,j) are real numbers. Hence, there exists no protocol which uses identical encoding and saturates
the QCRB for both parameters a and b simultaneously.

4.2. Optimal Scheme

As we show now, an optimal encoding and estimation scheme attaining the QCRB can be obtained
by selecting two appropriate input coherent states |α1〉 and |α2〉 and realizing a joint measurement,
processing them through a beam splitter of transmittance T followed by two homodyne measurements,
as shown in Figure 1.

To realize this optimal measurement, we choose a particular solution of Equation (23) of the form

εx1 =
√

2T, εp1 = 0,
εx2 =

√
2(1− T), εp2 = 0,

ηx1 = 0, ηp1 =
√

2(1− T),
ηx2 = 0, ηp2 = −

√
2T,

(28)

which corresponds to the following encoding of the classical parameters a and b into the quadratures
of the two input coherent states

xin
1 =

√
2T a, pin

1 =
√

2(1− T) b,
xin

2 =
√

2(1− T) a, pin
2 = −

√
2T b,

(29)

that is, Alice sends the state |ψ〉 = |α1〉 ⊗ |α2〉 =
∣∣∣√T a + i

√
1− T b

〉
⊗
∣∣∣√1− T a− i

√
T b
〉

. At the
output of Bob’s beam splitter, the quadratures are

xout
1 =

√
2 a, pout

1 = 0,
xout

2 = 0, pout
2 =

√
2 b,

(30)

regardless of the value of the transmittance T. It is then easy to see that the homodyne detection of the
two output modes (measuring x̂ on mode 1 and p̂ on mode 2) provides estimates of the parameters a
and b with variances ∆2 ã = ∆2b̃ = 1/4 saturating the QCRB in Equation (18). The optimal encoding
and decoding protocol is thus physically implementable with linear optics.

To shed light on the feature that makes this protocol interesting, let us compare it with individual
measurements of the quadratures of the two modes (eliminating the beam splitter) for the whole range
of values of T ∈ [0, 1]. Individual homodyne measurements of two coherent states encoded according
to Equation (29) achieve smaller relative errors when measuring xin

1 and pin
2 for T ≥ 1/2, or xin

2 and
pin

1 for T ≤ 1/2. Thus, when comparing with the joint measurement protocol (including the beam
splitter), we need to consider the individual measurements of xin

1 and pin
2 for T ≥ 1/2 and xin

2 and pin
1

for T ≤ 1/2.
Interestingly, we note that, for T = 1/2, the encoding rin

1/2 = (a, b, a,−b) given by Equation (29)
reduces to a scheme based on phase-conjugate coherent states introduced by Cerf and Iblisdir in
2001 [14]. In their paper, Cerf and Iblisdir noted that this particular encoding (α2 = α∗1) provides an
enhancement of the measurement precision by reducing the error variances of the quadratures by a
factor 2 compared to individual measurements. Nevertheless, no proof of optimality of the Cerf–Iblisdir
scheme had been found in a further work investigating the superiority of joint measurements over
local strategies for the estimation of product coherent states [15]. As we show below, this particular
optimal scheme is the one which shows the best improvement when comparing it with individual
measurements (see Figure 2).

A natural question is indeed to compare this improvement with the one exhibited by the
other optimal protocols in this family (with other values of the beam splitter transmissivity T).
Observing first the limiting trivial cases T = 1 and T = 0, we see that the corresponding encodings
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rin
1 = (

√
2a, 0, 0,−

√
2b) and rin

0 = (0,
√

2a,
√

2b, 0) are already in optimal configurations, so that the
variances of the estimators obtained by individual homodyne measurement of the input quadratures
already saturate QCRB. Thus, for T = 1 or T = 0, a joint measurement cannot provide any
enhancement of the measurement precision. For other values of T, we have a continuous evolution of
the precision enhancement with respect to individual measurements ranging between 2 (maximum
enhancement) and 1 (no enhancement at all). To see this, let us compare the error variances
of the estimators of the encoded parameters a and b obtained by the optimal joint or optimal
individual measurement. The variances of the joint measurement saturate the QCRB by construction,
namely ∆ã2

QCRB = ∆b̃2
QCRB = 1/4. As already mentioned, the optimal individual measurement consists

in measuring x̂1 and p̂2 for T ≥ 1/2, or x̂2 and p̂1 for T ≤ 1/2, so we may deduce from Equation (29)
the corresponding variances of the estimators

∆ã2
ind(T) =

∆x̂2
i

1 + |1− 2T| =
1

2 + |2− 4T| , (31)

∆b̃2
ind(T) =

∆ p̂2
3−i

1 + |1− 2T| =
1

2 + |2− 4T| , (32)

i =

 1, (T > 1/2)

2, (T < 1/2),
(33)

where we have made the dependence on T explicit. Due to this dependence, the enhancement in
the measurement precision can be expressed in terms of the ratio between the error variance on the
estimators obtained by individual and joint measurements as a function of T:

∆ã2
ind(T)

∆ã2
QCRB

=
∆b̃2

ind(T)
∆b̃2

QCRB
=

2
1 + |1− 2T| . (34)

As shown in Figure 2, the precision enhancement attains its maximum value 2 at T = 1/2 and its
minimum value 1 at T = 0 or 1.

Figure 2. Enhancement of the measurement precision of the joint (compared to individual) measurement
as a function of the beam splitter transmissivity T. This is calculated as the reduction of the error
variance for the joint measurement attaining the QCRB with respect to the error variance of the optimal
individual measurements.

Given a and b, the beam splitter transmissivity T defines a family of points (xi, pi) in phase
space—hence, a family of pairs of coherent states—which allow an optimal encoding as defined by
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Equation (29). From this equation, it is easy to deduce that these points belong to an elliptic curve
determined by the classical parameters a and b

x2
i

a2 +
p2

i
b2 = 2, i = 1, 2. (35)

Therefore, the general encoding protocol implies the generation of two coherent states determined
by the parameters a and b to be transmitted (as shown in Figure 3) and a measurement setting T,
which has to be specified before the measurement. We note that, by allowing local phase rotations of
the input states and by suitably choosing phase angles θ and φ, one can use any pair of coherent states
for encoding two classical parameters a and b (satisfying the energy constraint), which can be further
optimally extracted by joint measurement including a beam splitter with a suitable transmissivity T
followed by homodyne measurements on two output modes. The corresponding protocol is described
in Appendix A.

Figure 3. Family of optimal encoding schemes. For a given value of the parameters a and b (here, a = 2
and b = 1), each optimal encoding consists of preparing two coherent states (see two black points,
two yellow points, two red points, etc.) according to Equation (29).

5. Arbitrary Number of Modes

Let us now extend the scheme presented in Section 4 to an arbitrary number n of input coherent
states and same number of real classical parameters to be encoded. First, observe that one can
always split a 2n-mode input system of coherent states into n two-mode subsystems and use, for each
subsystem, the optimal measurement scheme described in Section 4. Since the quantum Fisher
information is additive, the optimal measurement scheme for 2n modes is realized by the optimal
two-mode measurement scheme individually applied to each pair of modes. However, for 2n+ 1-mode
systems, the application of the optimal scheme to n pairs cannot realize the overall optimal strategy
since neither heterodyne nor homodyne measurement applied to the last single mode is optimal.
However, as we show in Section 5.1, it is possible to develop an optimal (joint) strategy for a three-mode
input coherent state. Then, for any larger odd number of modes, the optimal scheme applied to the
first n− 1 pairs supplemented with this three-mode strategy provides an optimal measurement for all
2n + 1 modes.

5.1. Three-Mode Encoding and Estimation Scheme

In the three-mode case, a natural guess for the optimal estimation is to concatenate two times the
scheme proposed in Section 4 in a way that the second output mode of the first scheme will serve as an
input for the second scheme (see Figure 4). Notice that, being an output of the first “optimal” scheme,
the state in the second mode after the first beam splitter always has some fixed phase determined by
the first scheme (see Equation (30)). Then, to bring the state into the form of an optimal input for the
second scheme, a local rotation by some angle φ may be required, as depicted in Figure 4. The full
transformation of the quadrature operators of the input modes into those of the output modes is
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written as r̂′ = B(T2)U(φ)B(T1)r̂, where U(φ) is a rotation in phase space by angle φ and the two
beam splitter transformations are characterized by transmissivities T1 and T2.

Figure 4. Optimal joint estimation scheme for three modes using two beam splitters of transmittance
T1 and T2 and a phase shifter of angle φ.

Denoting as a, b, and c the three real parameters that are encoded into the three coherent
states, we choose the final output state to be in a similar form as Equation (30), namely rout =

(
√

2a, 0,
√

2b, 0, 0,
√

2c), which allows us to recover these parameters by homodyne measurement of the
output quadratures with the same error variances as in the optimal two-mode scheme, hence saturating
the QCRB. Using the relation between the mean value of the input and output quadratures, which is
given by the same transformation r′ = B(T2)U(φ)B(T1)r, we obtain the parameters of the optimal
input states for the three-mode scheme

x(opt)
1 =

√
2T1 a,

p(opt)
1 =

√
2(1− T1) d(T2, b, c),

x(opt)
2 =

√
2(1− T1) a,

p(opt)
2 = −

√
2T1 d(T2, b, c),

x(opt)
3 =

√
2(1− T2) b,

p(opt)
3 = −

√
2T2 c,

(36)

where
d(T2, b, c) =

(
T2b2 + (1− T2)c2

)1/2
, (37)

and

tan(φ) =
b
c

(
T2

1− T2

)1/2
. (38)

This encoding and estimation setting enables the optimal retrieval of the three unknown
parameters a, b, and c with variances saturating the QCRB ∆2 ã = ∆2b̃ = ∆2 c̃ = 1/4. Moreover,
the encoding strategy in Equation (36) satisfies the three-mode extension of Equation (2), which is the
energy condition: x2

1 + p2
1 + x2

2 + p2
2 + x2

3 + p2
3 = 2(a2 + b2 + c2).

For a n-mode encoding strategy, the energy condition is

n

∑
i=1

(x2
i + p2

i ) = 2
n

∑
i=1

a2
i , (39)

where the ais are the n real parameters to be encoded and estimated. The energy constraint on all the
n modes given by Equation (39) can always be divided in a system of b n

2 c equations corresponding
to the two- and three-mode energy constraints. Hence, a combination of two- and three-mode
optimal schemes allows one to encode and retrieve optimally an arbitrary number n of classical
parameters encoded in n coherent states. Note that optimal combinations are not necessarily unique.
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For example, for six modes, three pairwise optimal measurements work as well as two three-mode
optimal measurements.

5.2. n-Mode Extension

Finally, we can also generalize the constraints derived for two-mode systems to the problem of
estimating optimally n parameters encoded in n coherent states. The derivation of these constraints
follows the same reasoning as for the two-mode constraints explained in Equation (23). To keep the
expressions concise, we use the following notation for the linear encoding constants:

E (j)
i =

ε
(j)
xi + i ε

(j)
pi√

2
, (40)

where i denotes the mode number and j is the parameter number. For example, for two modes,
E (1)i = εxi + i εpi and E (2)i = ηxi + i ηpi, for i = 1, 2. Equation (3) then generalizes as

αi =
xi + i pi√

2
=

n

∑
j
E (j)

i aj, i = 1, ..., n, (41)

where, again, (a1, a2, ..., an) denotes the vector of real parameters. Based on Equation (20), we generalize
the expression for the SLD as

L(j) = i =
(

n

∑
i
E (j)

i

[
â†

i , ρ̂
])

, (42)

where = denotes the imaginary part. Using this notation, the Fisher Information matrix elements can
be written in a compact form as

F(n)
jk = 4 <

[
n

∑
i
E (j)∗

i E (k)i

]
, (43)

which generalizes Equation (10). Following the same reasoning as for the derivation of the two-mode
constraints, we can establish the n-mode constraints:

n

∑
i
|E (j)

i | = 1 ∀j,

<
(

n

∑
i
E (j)∗

i E (k)i

)
= 0 ∀j, k s.t. j 6= k,

=
(

n

∑
i
E (j)∗

i E (k)i

)
= 0 ∀j, k s.t. j 6= k,

(44)

corresponding to the energy, equal precision and attainability conditions. This system of equations
forms a set of n2 constraints imposed on the set of 2n2 encoding constants. Moreover, the equal
precision and attainability conditions together impose that the matrix E (j)

i composed of all linear
encoding constants is a unitary matrix. Any optimal n-mode scheme can be constructed as follows:
Alice encodes the n parameters ai in the x-quadrature of the ith coherent states. She applies a passive
Gaussian unitary on her system and sends the output to Bob. Bob applies the inverse of the passive
Gaussian unitary used by Alice and, finally, he uses homodyne detection on the x-quadratures to
optimally estimate the n parameters ai.



Appl. Sci. 2019, 9, 4264 12 of 15

6. Conclusions

We have proved the optimality of the parameter encoding/estimation scheme based on
phase-conjugate coherent states proposed by Cerf and Iblisdir [14] by showing that it saturates
the quantum Cramér–Rao bound. This can be viewed as a consequence of the fact that using
phase-conjugate coherent states cancels the off-diagonal terms of the QFIM matrix (10) and allows to
simultaneously satisfy the attainability condition in Equation (22). We have also demonstrated that this
scheme is a special case of a larger family of optimal two-mode schemes in which the decoding only
requires linear optics (a single beam splitter) followed by homodyne measurement. Then, by exploiting
the additivity of the quantum Fisher Information matrix for the product of states, we have further
generalized this optimal encoding/estimation scheme to an arbitrary number n of modes. The resulting
scheme combines optimal two-mode and three-mode schemes in order to encompass even and odd n’s.

An interesting question left for future study concerns the optimality of the considered schemes for
other usual quantum states of light, e.g., squeezed states. Furthermore, it may be interesting to explore
whether these parameter communication schemes may be used in order to achieve some cryptographic
tasks, such as public key distribution or secret sharing.
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Appendix A

Here, we present a protocol which allows Alice, given two optical modes in arbitrary chosen
coherent states |α1〉|α2〉, to provide Bob with measurement settings such that he can optimally extract
by homodyne measurement two real parameters a and b, which Alice encoded into the given states.

1. Alice chooses real a, b, and 0 ≤ T ≤ 1 by imposing that energies of the “optimal input states”
given by Equation (29) are equal to the energies of the given coherent states in corresponding
modes. This leads to the following equations:{

x2
1 + p2

1 = 2Ta2 + 2(1− T)b2

x2
2 + p2

2 = 2(1− T)a2 + 2Tb2.
(A1)

The two equations contain three unknown variables, a, b, and T. Although a and b are related
by the energy conservation in Equation (2), it is linearly dependent on the two equations above.
Indeed, the above system is obviously equivalent to{

x2
1 + p2

1 + x2
2 + p2

2 = 2(a2 + b2)

x2
1 + p2

1 − x2
2 − p2

2 = 2(2T − 1)(a2 − b2).
(A2)

where the first equation is, in fact, the energy constraint. If the energies of the given coherent
states 1 and 2 are equal, then T = 1/2 satisfies the second equation and we are free to choose
any a and b on the circle determined by the first equation. Another valid option is to choose
a2 = b2 = (x2

1 + p2
1 + x2

2 + p2
2)/4 and take an arbitrary T.

If the energies of the given coherent states are not equal, we can replace the second equation by
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x2
1 + p2

1 − x2
2 − p2

2
a2 − b2 = 2(2T − 1), (A3)

so that T becomes a function of the ratio between the differences of the number of photon in the
input and output modes. Equation (A3) further limits the choice of x and p because |2T − 1| ≤ 1,
meaning that

2|a2 − b2| ≥ |x2
1 + p2

1 − x2
2 − p2

2|. (A4)

Once x and p are chosen, T becomes

T =
1
2

(
x2

1 + p2
1 − x2

2 − p2
2

2(a2 − b2)
+ 1

)
. (A5)

2. In both cases considered above, Equation (29) determines the parameters of two input states,
which would provide the desired optimal measurement,

x(opt)
1 = x

√
x2

1 + p2
1 − x2

2 − p2
2

2(a2 − b2)
+ 1,

p(opt)
1 = p

√
x2

1 + p2
1 − x2

2 − p2
2

2(a2 − b2)
− 1,

x(opt)
2 = x

√
x2

1 + p2
1 − x2

2 − p2
2

2(a2 − b2)
− 1,

p(opt)
2 = −p

√
x2

1 + p2
1 − x2

2 − p2
2

2(a2 − b2)
+ 1.

(A6)

By our construction, the energies of the optimal input states are equal to the energies of the given
states in corresponding input modes. Then, the given and optimal input states are related by
simple rotation in phase space by angles θ and φ, which can be easily found from the vector algebra

cos θi =
x(opt)

i xi + p(opt)
i pi

x2
i + p2

i
. (A7)

where θ1 = θ and θ2 = φ.
3. After performing the calculations described above, Alice provides to Bob with the measurement

settings {T, θ, φ} and the given coherent states.
4. Upon receiving the measurement settings, Bob applies local rotations to the input modes

followed by the beam splitter transformation and homodyne measurements in the output modes,
thus realizing an optimal extraction of encoded x and p variable.

Finally, let us make an interesting observation coming from Equation (A3). Recall that,
following Equation (34), the precision gain monotonously increases when |1 − 2T| tends to zero.
Hence, when choosing a, b, and T, we are interested in attaining the minimal possible value of the
right hand side of Equation (A3) compatible with all the constraints. This can be done by maximizing
the denominator om the left hand side of this equation because the numerator there is constant. Due to
the energy constraint in Equation (2), the maximum is achieved when

a2 =
1
2
(x2

1 + p2
1 + x2

2 + p2
2),

b2 = 0.
(A8)
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With these values for x and p the first equation of Equation (A1) gives us

T =
x2

1 + p2
1

x2
1 + p2

1 + x2
2 + p2

2
, (A9)

which equalizes the transmissivity to the proportion of the number of photons in state 1 with respect to
the total photon number in both given states. Here, an unfortunate aspect comes to play. Although this
choice provides the better enhancement of the precision of the optimal joint measurement with respect
to the individual measurement, it provides an additional constraint that removes any choice of the real
parameters that Alice can transmit. Indeed, according to Equation (A8), a becomes equal to the mean
value of the total number of input photons and b becomes zero. Now, if Bob knows that Alice used
this “optimal” encoding, then he does not need to know the measurement settings because a becomes
directly accessible by the measurement of the intensity of the given states and b does not carry any
information being always zero. Therefore, to exploit the protocol in applications using modulation of
transmitted parameters, one cannot always choose the transmission coefficient, which provides the
maximal enhancement of precision.
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